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1 . In this paper we investigate all real algebraic curves lying on a torus T .
This surface can be represented parametrically by
(1 .1)
	
X=(m-r cos V) cos ¢, Y=(m-r cos ip) sin o, Z=r sin yp,
0
and
V
being geographical coordinates on T ; r is the radius of the meridian
and m the distance of its centre from the rotation axis OZ . If we put
m + r =p, m - r = q, tan
J0
= u/w, tan lip = v/w, and make the coordinates
homogeneous by introducing a fourth coordinate W, we obtain
(1 .2)
X =
(w2- u2)(pv 2 +qw2 ),
Y=2uw(pv2+qw2 ),
Z=(p - q)vw(u2 +w2 ), W=(u2 +w2)(v2 +w2 ) .
This gives us a rational parametric representation of T in terms of the
homogeneous parameters u, v, w . We suppose the torus to be open, so
that q > 0 ; the cases m < r can be treated in a similar way . In general,
a point (u, v, w) of the projective plane H corresponds to a point on the
torus, but the representation has certain singularities . There are four
singular lines in 11,
11, 11 ' , 12, l2 ', with the equations u -iw = 0, u + iw= 0,
v - is w = 0, v + iaw = 0 respectively, where a > 0 is defined by a2 = q/p ;
h and h' are conjugate imaginary and so are 12 and 12 ' .
The four lines 1 are the sides of a complete quadrilateral whose vertices
are the real points A1 (1, 0, 0), A2 (0, 1, 0), the pair of conjugate imaginary
points B1 (1, -a, -i), B2 (1, -a, i) and the pair B1 ' ( 1, a, i), B2 ' ( 1, a, -i) .
These six points of 11 do not correspond to a specified point on the torus .
Furthermore, any point on 11 (different from A 2 , B 1 , B2 ') corresponds to
11 (1, i, 0, 0) and in a similar way
11'
corresponds to 1 2 (1, -i, 0, 0) and
12
and 12' to J1,2 (0, 0, ± iV(pq), 1) . These are special points of T : 11,2 are
the isotropic points in the central plane and J1,2 are the points where T
is met by its axis. Of the three diagonals of the quadrilateral, B1B2 and
B1'B 2 ' are not singular (indeed, they correspond to the intersections of T
and the double tangent planes through OX), but A 1A 2 is singular : any
point on it, different from A1 and A2, corresponds to the point K
(- (m + r), 0, 0, 1), that is, the point
0
_
V
= :r. This is not a special point
on T ; it arises because of the particular parametric form that we have
chosen .
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Any real point on T different from K has an image point in 17 . The
imaginary points h,
12,
J1, J2 have no specified image and neither have
the points on I1J1 , I1J2i
12J1, 12J2,
which are straight lines on T . Each
point of the isotropic (absolute) conic Q, different from I l and 12, has
two images (A1, i, 1) and (A2, - i, 1), where 2122 = -1 ; Q is therefore a
double conic of T, and its image is the pair of lines v ± iw=0 through A1 .
2 . An algebraic curve I' on the torus corresponds to an algebraic curve C
in the image plane H and conversely. The properties of T depend not
only on those of C but also on the behaviour of C with respect to the
configuration of singular points and lines in H. We can always choose
the coordinate system for T so that T does not pass through K ; therefore
there is no loss of generality if we restrict ourselves to curves C which
have no intersections with the line A1A2 outside A1 and A2 . If a (real)
curve passes through B1 , it passes through the conjugate B2 with the
same multiplicity, and similarly for B1', B2 ' .
Let C have multiplicity al at A 1 , a2 at A2 , (3 at B1 and B2 , y at B1 '
and B2' ; this implies that the order of C is n =a1 +a2 . We shall denote
such a curve by the symbol (al, a2 ; 9, y) . The number S of intersections,
outside the singular points, of C and a curve C' (al', a2' ; 9', y') is seen
to be
(2 .1) S=nn'-alal'-a2a2'-2~~'-2yy'=ala2'+a2a1'-2(~~' f YY~)
Let C correspond to a curve I' on T of order N . To determine N we
must intersect T with an arbitrary plane 6 in space . The intersection
of 6 and T is a curve whose image in H, as we see from (1 .2), is of order 4,
with double points at A1, A 2 and simple points at the B's ; it is a (2, 2 ; 1, 1) .
It follows from (2 .1) that the order N of the curve r on T which corresponds
to an image curve C (al, a2 i /j, y) in H is given by
(2.2)
	
N=2(al+a2-,8-y) .
The line 11 passes through A2 , B 1, B 2 ' ; hence the number of its free
intersections with C is n-a2-9-y, and similarly for 11,, 12, l2' . The con-
clusion is : the curve T on T has multiplicity m1 at h, 12 and multiplicity
m2 at Ji, J2, given by
(2 .3) m1=a1-/9-y, m2=a2-/9-y .
Equations (2.2) and (2.3) give us the characteristic numbers N, ml , m 2
of T if those of C are known . Conversely we obtain
(2.4) a1=-N-m2, a2=-'~N-ml, 9+y=2N-m1-m2 .
From (2.3) and (2.4) follow some inequalities for the characteristic numbers
(2.5) a1>fl+Y, a2>/ +y,
(2.6) als2N, a2< N, 9+y< N .
(2.8)
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The maximum number of double points of an irreducible plane curve of
order n is J(n-11)(n - 2)furthermore, an m-fold point is equivalent to
jm(m-1) double points . If C has d double points outside A, B its genus g is
(2.7)
	
g=(al-1)(a2-1)-#(#-1)-Y(Y-1)-d,
which, in view of g > 0, d > 0, gives us the inequality
(cc'-1)(a2-1)-,8(,B-1)-Y(Y-1)>0 .
From (2 .2) it follows that all real algebraic curves on a torus have
even order. Their points at infinity are isotropic. We investigate in par-
ticular the cases N = 2, N = 4, N = 6 .
3 . The case N = 2 : circles on the torus
From (2.6) it follows that a1 < 1, a2 < 1, 9+ y < 1 . There are three
subcases .
I, al= 1, a 2 =0 ; 9=y=0. C is a straight lines through A 1 ; m1 =1, M2 = 0-
F is seen to be a parallel circle of T. A parallel circle therefore corresponds
to a curve (1, 0 ; 0, 0) . The number of intersections of a general curve
(al, a2 ; 9, y) and a parallel circle is, in view of (2.1), equal to a2.
II .
N1 = 0, a2 =
1 ;
#=Y=0-
C is a straight line through
A2 ; M1 = 0, M2=
1 .
T is a meridian of T. The number al gives us the number of intersections
of a general curve of T and a meridian .
III . a1=1, X2=1 ; #=I, Y = O ; M1=0, M2= 0. C is a conic through
A,, A2, B1, B2 . An example is v(u-w)-aw(u+w)=0 ; the corresponding
curve T lies in a double tangent plane of T through the Y-axis . Hence
T is a Villarceau circle of the torus . The pencil of conics corresponds to
what we call the first system of V-circles on T.
III' . a1=1, a2 =1 ; #=O, Y=1 ; m1= 0, M2=0- C is a conic through
A,, A 2, B l', B 2 ' ; T is a V-circle belonging to the second system of such
circles .
It follows from (2 .1) that any V-circle has one intersection with any
parallel circle and with any meridian . Two V-circles of different systems
have two intersections, two of the same system have none . A curve r
(a1, N2 ; , , y) has at +a2 - 2,B intersections with a V-circle of the first system
and a1+a2-2y with one of the second system .
Summarizing, we have the following interpretation of the characteristic
numbers : a curve C (al, A2 ; fl, y)
in H corresponds to a curve r on the torus
which has a l intersections with any meridian, a2 with any parallel circle,
a1 +a2 - 2j with any Villarceau circle o f the first system and al +a2 - 2y
with any of the second .
4 . The case N=4 ; quartic (biquadratic) curves on the torus
We have now al + a2
- /9
-V=2, x1<2,
a2<2,
al + a2 > 2 . If a1= 0 or
a2=0 the inequality (2.8) is not satisfied ; hence alb 1, a2>
1 . We find
the following cases .
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I . X1=1, a2=1, which imply ,B=y=O,
n=2, m1 =1, m2 =1 . C is a
conic through A l and A 2 ; P is rational, without double points, and is
therefore a biquadratic curve o f the second kind, passing through I l , 12,
J1, J2 . There is a system of
003
curves of this type, investigated in [1] .
The unique quadric through P is a hyperboloid twice tangent to T ; its
complete intersection with T consists of two curves r.
II, a1=2, a2=1, fl+y=1, hence either #=1, y=O or i9=0, y=1 . C is
a rational cubic, A 1 is the double point, A2 and B1, B 2 (or B1', B 2') are
simple points . m1=1, m2 = 0 . P is a biquadratic curve o f the second kind,
passing through Il , 12 . There are two systems of o03 curves of this type .
The unique quadric through a curve P of one of these systems meets T
again in a curve of the other system .
II'- a1=1, a2=2,
#+y=1,
so either #=1, y=0 or 9=O, y=1 . C is
again a rational cubic ; m1= 0, m2 =1 . P is a biquadratic curve o f the second
kind, passing through J1, J2 . There are two systems of oo 3 curves of this
type .
Curves of type II have been investigated by STRUBECKER [3] as special
cases of loxodromes on a torus .
III. a1= 2, a2 = 2 ; ,8 = y = 1 . C is a quartic curve with double points
at A1, A 2 and simple points at B1, B2, B1 1 , B2' ; it is in general elliptic
(d = 0), but may be rational (d =1), m1= 0, m2 = 0 . P is a biquadratic curve of
the first kind, not passing through 11, 2 or J 1 , 2 . There is a system of 004 curves
of this type . It may be verified that P is a spherical curve ; the intersection
of any sphere and the torus consists of the absolute conic (counted twice)
and a curve r of this type . Special cases are the
003
plane quartics on T ;
they are in general elliptic, but rational if the plane is a tangent plane
of the torus .
There are ool quadrics through F ; any of these quadrics (other than
a sphere) through r meets T again in another curve of the system .
5 . The case N = 6 ; sextic curves on the torus
In this case, a1 + a2-
/9
- y = 3, N1<3, a2<3, a1 + a2 > 3 ; as before,
ala2 0 0-
L a1=1, a2=2 ; fi=y=0 ; n=3, m1=1, m2=2. C is a rational cubic
with its double point at A 2 and passing simply through A 1 . P is a rational
sextic, passing simply through 11, I 2 and with double points at J1 , J2 .
There is a system of
005
curves of this type on the torus.
I' . a1= 2, a2 =1 ;
fl
= ,y = 0 ; m1= 2, m2 =1 . P is a rational sextic, with
double points at h, 12 and passing simply through J1, J2 . There are
again o05 curves of this type .
II . ai = 2, a2 = 2 ; /9
=1, y = O
or/9=O,
Y= 1 ; m1=1, M2=1- C is a quartic
with double points at A 1, A2 and passing simply though B1, B2 (or Bl ', B2 ' )-
r is in general an elliptic sextic ; it passes through Il, 12, J 1 , J
2 . There
are two systems of ooh of these curves .
III. a1=1, a2=3 ; #=1, y=O or 9=O, y=1 ; m1=0, m2=2 . C is a
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quartic with a 3-fold point at A 2 , a simple point at A 1 and at B1 , B2
(or B1', B2') . T is a rational sextic, with double points at J1, J2 but not
passing through Il , 12. There are two systems of o05 of this type .
III' . a1= 3, a2 = 1 ; /9
and y as in III . T is a rational sextic with double
points at 11, 12- Again there are two systems of
005
curves .
IV . a1=2, a2=3 ; #=1, y=1 ; n=5, m1=0, m2=1 . C is a quintic with
a double point at A 1 , a 3-fold point at A 2 and simple points at the four
points B ; g is in general equal to 2 . T is a sextic o f genus 2, passing through
J1 , J2 . The system contains
O07
curves .
IV' . a1= 3, a2 = 2 ;
fl
= y = 1 . This case is similar to IV ; T passes
through Il, 12-
V. a1= 2, a2=3 ;
/9=0,,y=2
or P=2, y = 0 ; m1= 0, M2=1- C is a quintic
with a 3-fold point at A 2 and double points at A 1 and B 1 , B 2 (or Bl ', B 2 '),
g= 0. T is rational, and passes through J1 , J2 . There are two systems
of
005
curves .
V' . a1=3, a2=2 ; (3=0, y=2 or /9=2, y=0. This case is similar to V ;
T passes through h, I2 .
VI . a1=3,
a2=3, fl
+ y = 3 . As 9 = 0, y=3 or P=3, y = 0 does not
satisfy (2 .8) we must have either /9=1, y=2 or /9=2, y=1, which gives
g=2, M1 = 0, M2= 0 . T is a sextic o f genus 2, not through 1 1 , 12,
J 1 , J2 .
There are two systems of 007 curves of this type .
For each of the types above, it may be shown that a sextic curve T
lies on a cubic surface, and that the residual intersection of the cubic
surface with T consists of another sextic curve r' of the same type ;
where there are two systems of curves, r and T' are of opposite systems .
The proof will be given for types I and II ; the proofs for the other types
are similar .
Type I . The complete intersection of a cubic surface with T is repre-
sented in 17 by a curve of the form (6, 6 ; 3, 3). Now T is represented by
a curve C of the form (1, 2 ; 0, 0), and the lines corresponding to h, 12,
and J1, J2 twice, make up a curve of the form (4, 2 ; 3, 3) . The residual
T' is therefore represented by a curve C' of the form (1, 2 ; 0, 0), so T
is also of type I .
Type II . If r is represented by a curve C of the form (2, 2 ; 1, 0),
then, since the lines corresponding to h,
12,
J1 , J2 make up a curve of
the form (2, 2 ; 2, 2), C' has the form (2, 2 ; 0, 1), and r' is also of type II,
but of the opposite system .
6 . Final remarks
Curves of order > 6 on the torus can be investigated in the same manner .
We mention here the intersection of T and a general quadric Q, a curve
P of order 8 . Its image C may be found by substituting (1 .2) into the
equation of Q . A more direct method is the following . The intersection
of Q and any meridian plane is a conic, hence T has 4 points in common
with a meridian and also 4 with any parallel or V-circle . In view of
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section 3 we have a1= 4, a2 = 4,
j9
= y = 2 . The image curve C has order 8,
with 4-fold points at A 1 and A 2 and double points at all the B's . Formula
(2.7) tells us that the genus of I' is g=5. It is not the general (4, 4 ; 2, 2)
curve, for the system of these contains 0012 curves, whereas there are
only oo9 quadrics in space. The intersection of a torus and a quadric
was considered by LEBESGUE [2], who restricted himself however to the
cases in which it degenerates into two biquadratic curves .
We add a second remark . A torus, being a quartic surface with the
absolute conic as a double curve, is a cyclide ; in fact it is a metric speciali-
zation of a special type of cyclide, called Dupin's . Our classification of
curves on a torus is therefore, as far as projective properties are concerned,
that of algebraic curves on a cyclide of Dupin .
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